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SUMMARY

Sound waves are propagating pressure �uctuations, which are typically several orders of magnitude
smaller than the pressure variations in the �ow �eld that account for �ow acceleration. On the other hand,
these �uctuations travel at the speed of sound in the medium, not as a transported �uid quantity. Due to
the above two properties, the Reynolds averaged Navier–Stokes equations do not resolve the acoustic
�uctuations. This paper discusses a defect correction method for this type of multi-scale problems in
aeroacoustics. Numerical examples in one dimensional and two dimensional are used to illustrate the
concept. Copyright ? 2002 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Many problems of fundamental and practical importance are of multi-scale nature. As a typical
example, the velocity �eld in turbulent transport problems �uctuates randomly and contains
many scales depending on the Reynolds number of the �ow. In another typical example, which
is the main concern of this paper, sound waves are several orders of magnitude smaller than
the pressure variations in the �ow �eld that account for �ow acceleration. These sound waves
are manifested as pressure �uctuations of very small magnitude, superimposed on the pro�le
of the time-dependent pressure �eld and propagated at the speed of sound in the medium.
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These �uctuations are not a transported �uid quantity. As a result, numerical solutions of the
Navier–Stokes equations which describe �uid motion do not resolve the small-scale pressure
�uctuations. On the other hand �uctuations involving very small magnitude will inevitably
be swamped by the current �oating point computation due to the limitation of the memory
as well as the precision of calculation. The �nite size of data storage has obviously im-
posed limitations on the numerical accuracy achieved in solving a given mathematical model,
even though it is perfectly correct in the description of the physics. On the other hand, direct
numerical simulation to include the above multiple-scale problems is still an expensive tool for
sound analysis [1] based on the existing hardware technology. Therefore, one may wish
to seek for a�ordable alternative numerical algorithms.
Established methods for the treatment of elliptic problems, where multi-scale phenomena do

not exist, include multilevel method and domain decomposition. Both techniques may be used
in conjunction with a parallel computer. One implementation of the latter method is to use it
directly on the continuously partial di�erential equation and the results in various subdomains
are then put together using certain techniques. Another implementation concept is to use it
on the discretized system. In other words, a global grid is required before the partitioning
of the domain. The authors take the �rst approach of the continuous problem and examine
the corresponding coarse grid and �ne grid problems taking into account of the multi-scale
phenomena in the derivation of the respective models.
In essence, there are at least three di�erent scales embedded in the �ow variables, namely

(i) the mean �ow, (ii) �ow perturbations or aerodynamic sources of sound and (iii) the
acoustic perturbation. While �ow perturbation or aerodynamic sources of sound may be easier
to recover, it is not true for the acoustic perturbation because of its comparatively small
magnitude. From an engineering perspective, much of the larger scales behaviour may be
resolved with the state-of-the-art CFD packages which implement various numerical methods
of solving Navier–Stokes equations. This paper examines, in more detail, a defect correction
method, �rst proposed in Reference [2], and suitably adapted for the derivation of the coarse
space mathematical model in order to recover smaller scales that have been left behind. The
authors have demonstrated the accurate computation of the time-dependent mean �ow and
�ow perturbations in References [3–5]. In the present study, a two-scale decomposition of
�ow variables is considered, i.e. the �ow variable U is written as �u+ u, where �u denotes the
mean �ow and part of aerodynamic sources of sound and u denotes the remaining part of the
aerodynamic sources of sound and the acoustic perturbation.
This paper follows the basic principle of the defect correction [6] with suitable modi�cation

for time-dependent problems and applies it to the recovery of the propagating acoustic per-
turbation. The method relies on the use of a lower-order partial di�erential equation de�ned
on the same computational domain where a residual exists such that the acoustic perturbation
may be retrieved through a properly de�ned coarse mesh.
This paper is organized as follows. First, the derivation of a lower-order partial di�erential

equation resulting from the Navier–Stokes equations for the coarse space is given. Truncation
errors due to the model reduction are examined. Second, accurate representation of residual
on the coarse mesh is discussed. The coarse mesh is designed in such a way as to allow
various frequencies of noise to be studied. Suitable interpolation operators are studied for the
two di�erent meshes. Third, numerical tests are performed for di�erent mesh parameters to
illustrate the concept. Finally, future work is discussed.
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2. THE DEFECT CORRECTION METHOD

The aim here is to solve the non-linear equation

@U
@t
+ �{U}U ≡ @( �u+ u)

@t
+ �{ �u+ u}( �u+ u)=0 (1)

where �{U} is a non-linear operator depending on U . A concrete example of �{U} is given
below. For simplicity, �{U} is considered to have two di�erent scales of magnitudes as �u+u.
Note that |u|� | �u| and that

1
�t

∫ t0+�t

t0
u dt→ 0

with �t much larger than any signi�cant period of the perturbation velocity. Here t0 is certain
initial starting time. This integral essentially conveys the message that u is certain �uctuation
and will be damped out over the time interval �t. The problem here is thus purely related
to the scales of magnitude of the dependent variables. In the case of sound generated by the
motion of �uid, it is natural to imagine �{U} as the Navier–Stokes operator and, therefore, �u
as the time-dependent mean �ow and u as the acoustic perturbation as described in Section 1.
For a two-dimensional (2-D) problem,

�u=



��

�v1

�v2


 ; u=



�

v1

v2




where � is the density of �uid and �v1 and �v2 are the velocity components along the two spatial
axes. Using the summation notation of subscripts, the 2-D Navier–Stokes problem may be
written as

@�
@t
+
@(�vj)
@xj

=0

@vj
@t
+ vj

@vi
@xj
+
1
�
@P
@xi

− �
�
∇2vi =0

where P is the pressure and (�=�)∇2vi is the viscous force along ith axis.
Suppose (1) represents the time-dependent Navier–Stokes equations. Expanding

@( �u+ u)=@t + �{ �u+ u}( �u+ u) and re-arranging the resulting terms, one obtains

@ ��
@t
+ �vj

@ ��
@xj
+ ��

@�vj
@xj
+

[
vj
@( ��+ �)
@xj

+ �
@(�vj + vj)
@xj

]
=−

[
@�
@t
+ �vj

@�
@xj
+ ��

@vj
@xj

]
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and

@vi
@t
+ �vj

@vi
@xj
+
1
��
@P
@xi

− �
��
∇2vi +

[
�
��
@(�vi + vi)
@t

−
(
vj +

�
��
(�vi + vi)

)
@(�vi + vi)
@xj

]

= −
[
@�vi
@t
+ �vj

@�vi
@xj
+
1
��
@ �P
@xi

− �
��
∇2 �vi

]
(2)

It can be seen that (1) may be written as

@( �u+ u)
@t

+ �{ �u+ u}( �u+ u)≡ @ �u
@t
+ �{ �u} �u+ @u

@t
+ E{ �u}u+ K[@t; �u; u] (3)

where �{ �u} and E{ �u} are operators depending on the knowledge of �u and K[@t; �u; u] is
a functional depending on the knowledge of both �u and its derivative and u. Here

E{ �u}u=




@�
@t
+ �vj

@�
@xj
+ ��

@vj
@xj

@vi
@t
+ �vj

@vi
@xj
+
1
��
@P
@xi

− �
��
∇2vi


 (4)

K[@t; �u; u] =




vj
@( ��+ �)
@xj

+ �
@(�vj + vj)
@xj

�
��
@(�vi + vi)
@t

−
(
vj +

�
��
(�vi + vi)

)
@(�vi + vi)
@xj


 (5)

In order to obtain a solution to �u, one requires to solve a discretized form of @ �u=@t+�{ �u} �u=0.
Therefore, one may use a CFD analysis package, which e�ectively solves a discretized form
of @ �u=@t +�{ �u} �u=0 instead of @( �u+ u)=@t +�{ �u+ u}( �u+ u)=0. Following the concept of
truncation error in a �nite-di�erence method, it is possible to de�ne the truncation error due
to the removal of the perturbation part of the �ow variable, i.e.

�=
@( �u+ u)
@t

+ �{ �u+ u}( �u+ u)−
[
@( �u+ u)
@t

+ �{ �u}( �u+ u)
]

(6)

Using the relation �{ �u}( �u+ u)=�{ �u} �u+ E{ �u}u, the truncation error due to the removal of
the perturbation part is thus given by

�=K[@t; �u; u] (7)

Note that this truncation error is not related to the discretization of a continuous model
but is related to the reduction of a more complex continuous mathematical model to a less
complex continuous mathematical model. From the knowledge of physics of �uids, the acoustic
perturbations � and vj are of very small magnitude (this is not true for their derivatives), and
therefore, K may be considered negligible due to the reason that any feedback from the
propagating waves to the �ow may be completely ignored, except in some cases of acoustic
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resonance, which are not concerned with in this paper. In other words the contribution due
to the perturbation part (u) has negligible e�ect on the main background �ow (�u) of the
�uid. The consequence of this is that one can apply a time-dependent discretization, as in
any CFD analysis packages, to obtain numerical approximations at every time step without
considering corrections from the perturbation part at this stage. Such approximations due to
a CFD analysis package may be denoted as �u∗ and their usage is discussed below. The
negligible contribution to � allows separate computation of the defect at each discretized
timestep feasible in the present study.
In order that the numerical method may be used for cases of resonance, the concept of

a defect has to be applied at every timestep. Let �u(n) and u(n) be the approximate solutions
at the nth time step to (3) and �t(:; :) be the temporal di�erence operator, which relates
the values at both nth and (n − 1)th timestep, includes the temporal truncation error, and is
general enough to represent a numerical method in commercial packages. One obtains the
semi-discretized form,

�t(( �u+ u)(n); ( �u+ u)(n−1)) + �{( �u+ u)(n)}( �u+ u)(n)
≡ �t( �u(n); �u(n−1)) + �{ �u(n)} �u(n) + �t(u(n); u(n−1)) + E{ �u(n)}u(n) + K[@t; �u(n); u(n)] (8)

Hence one can evaluate the residue at the nth timestep of the above expression as

R(n) ≡ �t(( �u+ u)(n); ( �u+ u)(n−1)) + �{( �u+ u)(n)}( �u+ u)(n)

−[�t( �u(n); �u(n−1)) + �{ �u(n)} �u(n)]= − [�t( �u(n); �u(n−1)) + �{ �u(n)} �u(n)] (9)

which may then be substituted into (8) and leads to the nth timestep correction problem

�t(u(n); u(n−1)) + E{ �u(n)}u(n) + K[@t; �u(n); u(n)]=R(n) (10)

As discussed above, K[@t; �u(n); u(n)] is small and can then be neglected. Hence the problem
in (10) is a linear problem and may be solved more easily to obtain the acoustics pertur-
bation u(n). A non-linear iterative solver is required in order to obtain u(n) for cases where
K[@t; �u(n); u(n)] is not negligible. Hence the equation

�t(u(n); u(n−1)) + E{ �u(n)}u(n) =R(n)

with E given by (4), which is known as the linearized Euler equation, can be solved with
the knowledge of �u(n). The numerics and the techniques involved here are often referred to
as computational aeroacoustics (CAA) methods.
The remaining question is to obtain an approximate solution �u(n) to the original problem

(3). It is well known that CFD analysis packages provide excellent methods for the solution
of

�t( �u(n); �u(n−1)) + �{ �u(n)} �u(n) = 0
Therefore, one requires to use a Reynolds averaged Navier–Stokes package supplemented
with turbulence models such as [7, 8] to provide a solution of �u(n). One requires �u(n) to be as
accurate as possible to capture all the physics of interest from (n−1)th to nth time step, such
as �ow turbulence and the presence of vortices. Finally, the approximate solution �u∗ obtained

Copyright ? 2002 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2002; 40:1515–1525
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from the CFD package may be used to compute the residue at the nth timestep using (9) as
−[�t( �u∗; �u(n−1)) + �{ �u∗} �u∗].

3. COARSE GRID SOUND SOURCE COMPUTATION

In order to simulate accurately the approximate solution, �u, to the original problem,

@( �u+ u)
@t

+ �{ �u+ u}( �u+ u)=0

the QUICK di�erencing scheme [9] is used which produces su�ciently accurate results of
�u for the purpose of evaluating the residue as de�ned in (9). A su�ciently �ne mesh has
to be used in order to preserve vorticity motion. However, much coarser mesh may be used
for the numerical solutions of linearized Euler equations [3–5]. It certainly has to obey the
Courant limit and also to account for the fact that the acoustic wavelength may be larger than
a typical �ow feature which needs to be resolved, e.g. a travelling vortex [10]. The present
defect correction method requires to calculate the residual on the CFD mesh and to transfer
these residuals onto the acoustic mesh. Physically, the residual is e�ectively the sound source
that would have disappeared without using the present retrieval technique.
Let h denote the mesh to be used in the Reynolds averaged Navier–Stokes solver. Instead

of evaluating �u(n), one would solve the discretized approximation

�t( �u
(n)
h ; �u

(n−1)
h ) + �{ �u(n)h } �u(n)h =0

to obtain �u∗h . The residue on the �ne mesh h can be computed by using a higher-order
approximation [5] to �{ �u(n)h } �u(n)h . Let H denote the mesh for the linearized Euler equations
solver. Again instead of evaluating u, one would solve the discretized approximation

�t(u
(n)
H ; u

(n−1)
H ) + E{ �u(n)H }u(n)H =R(n)H

to obtain u(n)H . Here R
(n)
H is the projection of R onto the mesh H and EH is the discretized

approximation of E. Let I{h;H} be a restriction operator to restrict the residue computed on the
�ne mesh h to the coarser mesh H . The restricted residue can then be used in the numerical
solutions of linearized Euler equations. Therefore, the two-level numerical scheme is (for
non-resonance problems):

n := 0
Do

n := n+ 1

Solve �t( �u
(n)
h ; �u

(n−1)
h ) + �{ �u(n)h } �u(n)h =0

R(n)H := − I{h;H}[�t( �u∗h ; �u
(n−1)
h ) + �{ �u∗h} �u∗h ]

Solve �t(u
(n)
H ; u

(n−1)
H ) + E{ �u(n)H }u(n)H =R(n)H

U (n)
H := �u(n)H + u(n)H ; (Corrected result of U

(n)
H is not required on h:)

Until n= nmax
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Here U (n)
H denotes the discretized approximation of the resultant solution on mesh H . Note

that R(n)H cannot be computed as −[I{h;H}�t( �u∗h ; �u
(n−1)
h ) + �{ �u∗h}I{h;H} �u∗h ] because � is a non-

linear operator. Note also that �t(u
(n)
H ; u

(n−1)
H ) involves a number of smaller timesteps, each of

�T , starting from u(n−1)H such that u(n)H de�nes at the same time level as �u(n).
In the actual implementation, a pressure–density relation which also de�nes the speed of

sound c in air is used:

@P
@�
= c2 ≈ 1:4

�P
��

(11)

and the �rst component of the linearized Euler equations in (4) becomes

@P
@t
+ �vj

@P
@xj
+ ��c2

@vj
@xj
= − c2

[
@ ��
@t
+ �vj

@ ��
@xj
+ ��

@�vj
@xj

]
(12)

The purpose of this substitution is to make sure that the new �uctuations P and vi do not
contain a hydrodynamic component, and hence can be resolved on regular Cartesian meshes [4]
which is essential for the accurate representation of the acoustic waves or the �uctuation
quantity uH . On the other hand, an unstructured mesh may be used to obtain �uh. The two
di�erent meshes overlap one another on the computational domain. The computational domain
for the linearized Euler equations is not necessarily the same as the one for the CFD solutions.
It must be large enough to contain at least the longest wavelength of a particular problem under
consideration or a number of wavelengths where propagation is of interest. The numerical
example as shown in Section 4 does not contain any complicating solid objects, the restriction
operator I{h;H} may then be chosen as an arithmetic averaging process [10].

4. NUMERICAL EXPERIMENTS

The propagation of the following one-dimensional pulse is considered: an initial pressure
distribution with a peak in the origin generates two acoustic waves in opposite directions.
The exact solution of this problem (13) can be veri�ed by substitution in the linearized Euler
equations.

P = f(x − ct) + f(x + ct)
��cv1 = f(x − ct)− f(x + ct)

f(x) =



A
2
(1 + cos 2�x=�); |x|¡�=2

0; |x|¿�=2

(13)

Here A is the amplitude and � is the wavelength of the two sound waves that start from
the origin (x=0) at t=0. The example was reported in Reference [2]. This paper provides
a detailed numerical study on various aspects of the grid parameters being used in the two-level
method. The CFD domain is of 12 wavelengths and the CAA domain is of 14 wavelengths.
The e�ects of the following parameters on the solution accuracy are studied. (a) the ratio

H : h, (b) number of points per wavelength, and (c) the restriction operator for residual transfer
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from �ne grid to coarse grid. In all cases, the norm ‖PH −P‖∞ is compared. Here PH is the
approximation obtained on the coarse mesh (CAA) after correction and P is the exact solution
of the pressure variable by taking A=100, which leads to a percentage value of ‖PH −P‖∞.
Let �th and �tH be the step lengths in the temporal axis for the CFD mesh and the CAA

mesh, respectively. Figure 1 shows the e�ect on the accuracy for Case (a). Here �th and
�tH are chosen to be 0.000235 and 0.00005875, respectively. Two di�erent mesh sizes for the
CFD are chosen and they are 0.05 and 0.025. It can be seen that when h is not �ne enough,
say h=0:05, to resolve some of the physics, it is still possible to use the mesh H =2h or
H = h to recover the small scale signal. If a �ner mesh was used, say h=0:025, it is possible
to use H64h. This property essentially links with the Courant number of the coarse mesh
for CAA [5], i.e. H , and is also con�rmed in the test performed for Case (b).
Figure 2 shows the e�ect on the accuracy for Case (b). The most accurate solution may

be achieved with more than 12 grid points per wavelength, e.g. 16 or more grid points. This
con�rms the theoretical study based on Courant limits as discussed in Reference [5]. For
number of grid points per wavelength less than 12, the accuracy deteriorates very fast.
Figure 3 shows the e�ect on the accuracy for Case (c). The restriction operators being used

in this test to transfer the function gh onto the coarse mesh H includes

3-point formula I{h;2h}gh= 1
4(gi−1 + 2gi + gi+1)

5-point formula I{h;4h}gh= 1
12(gi−2 + 2gi−1 + 6gi + 2gi+1 + gi+2)

7-point formula I{h;6h}gh= 1
16(gi−3 + 2gi−2 + 3gi−1 + 4gi + 3gi+1 + 2gi+2 + gi+3)

9-point formula I{h;8h}gh= 1
48( gi−4 + 2gi−3 + 6gi−2 + 8gi−1 + 14gi + 8gi+1

+6gi+2 + 2gi+3 + gi+4)

For very �ne CFD mesh, one can retrieve the small-scale signal even on a relatively coarse
mesh. In the present study, with h=0:0078125 one can use H68h while still maintaining
the accuracy. The accuracy exhibited by using the coarse mesh H =8h=0:0625 is compatible
with the result for Case (a) as depicted in Figure 1.

5. CONCLUSIONS

This paper provides a numerical method for the retrieval of sound signals by using defects
de�ned on a coarse space and by obtaining corrections from the coarse space with a lower-
order partial di�erential equation. The essential concept here is to decouple the computation
into two di�erent scales of magnitude on two di�erent meshes. The derivation of the coarse
grid model relies on an expansion of the original partial di�erential equation for the two
scales. One criterion governing the choice of the coarse mesh size is the frequencies range of
noise being considered for numerical treatment. Detailed numerical experiments to examine
various grid parameters are provided. The truncation error due to solving @ �u=@t + �{ �u} �u=0
instead of @( �u + u)=@t + �{ �u + u}( �u + u)=0 is derived. More realistic examples involving
industrial applications are being investigated by the authors and will be reported elsewhere.
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Figure 1. The e�ect of mesh ratio H : h on the accuracy.
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H = h = 0.05, dt_H=0.00005875

0

1

2

3

4

5

6

7

8

9

10

0 1 2 3 4 5 6 7 8 9 10 11 12

Propagation distance (wavelengths)

||
P

_
H

 -
 P

||
_
in

ft
y

dt_h = 0.00005875

dt_h = 0.0001175

dt_h = 0.000235

dt_h = 0.00047

Figure 2. The e�ect of number of grid points per wavelength on the accuracy.
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Figure 3. The e�ect of restriction operators on the accuracy.
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